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Abstract 
I n  covariant f i e l d  theor ies  such as general  
r e l a t i v i t y  the appl ica t ion  of Noether's theorem r e s u l t s  
i n  a s e t  of i d e n t i t i e s  which a r e  s a t i s f i e d  regard less  of 
whether the  f i e l d  equations a re  s a t i s f i e d  o r  not (so- 
c a l l e d  s t rong  conservation laks). In  the conventional 
formulation these i d e n t i t i e s  contain non-tensorial  quant i -  
t ies  and non-tensorial  operations.  Thus, f o r  example, 
the  energy-momentum-pseudo-tensor of general  r e l a t i v i t y  
i s  obtained from such formulations.  I n  t h i s  paper t he  
i d e n t i t i e s  a r i s i n g  from Noether  ' s  theorem a r e  wr i t t en  
i n  an obviously covariant  form containing only tensors  and 
covariant  de r iva t ives .  As an example we give these iden- 
t i t i e s  f o r  general  r e l a t i v i t y .  
I .  In t roduct ion  
1 
Consider a f i e l d  Jr, whose f i e l d  equations may be derived from the  
p r i n c i p l e  of s t a t iona ry  ac t ion .  I f  L is the  Lagrangian dens i ty  f o r  the 
f i e l d  Jr then the  ac t ion  I is defined by 
A 
a where R(x ) i s  the  in tegra t ion  region and Jr denotes the  de r iva t ive  of 
JIA wi th  respec t  t o  x . 
A , r  
r & can always be wr i t t en  i n  the form 
where L i s  a s c a l a r  funct ion.  In  order t o  introduce our nota t ion  we s h a l l  
cons ider  t he  v a r i a t i o n  of I i n  d e t a i l .  
2 
Perform the  va r i a t ions  
a where k is  an in f in i t e s ima l  parameter, u (x) i s  an a r b i t r a r y  vector  f i e l d  
and v is an a r b i t r a r y  tensor  f i e l d .  
d i f f e r e n t i a l  of $ The va r i a t ion  of the L i m i t s  of i n t eg ra t ion  i s  def ined A' 
by the  t h i r d  equat ion i n  0 . 3 ) .  Under these v a r i a t i o n s  the  ac t ion  becomes a 
func t ion  of k ,  expanding about k = 0 and in t eg ra t ing  by p a r t s  y i e lds  the  
var ied  ac t ion  6 1  
The v a r i a t i o n  K$A is the  Lie  A 
- 
6 1  = +&? 6$, + X ~ X ~ ) , ~  ] d4x = 0 , A , r  R 
where 
( 1 . 4 )  
For a l l  the  following ana lys i s  we spec ia l i ze  the va r i a t ions  t o  inf i n i t e s i -  
mal  coordinate  transformations Following Bergmann2 the f i e l d  v a r i a t i o n  
- 
can be wr i t t en  
"$A 
Since gqA is the Lie differential of a tensor  the ordinary de r iva t ives  on 
the  r i g h t  hand s ide  of (1.6) can be replaced by covariant  der iva t ives  
(which w i l l  be denoted by a semicolon) 
3 
From (1.6) and (1.7) follows 
- B P r  s 
'A;r 'A,, -l FAs r p 'I3 
S where r is the C h r i s t o f f e l  symbol constructed from the  metr ic  tensor 
':P 
Equation (1.8) holds f o r  a l l  tensors including g f o r  which 
g l k  ' l k  
= o .  - gQk;r - 'A;r 
There are some r e s u l t s  i n  t h i s  paper which a re  not  v a l i d  f o r  the g 
f i e l d  because of (1 .9) .  When a formula contains Jr  t h i s  formula may 
n o t  hold f o r  the  metric f i e l d  g lk . 
l k  
A;  r 
When these cases arise they w i l l  
e i t h e r  be e x p l i c i t l y  pointed out or obvious from the  context .  For var ia -  
t i ons  which vanish on the  boundary we can use Gauss's l a w  and (1.4) t o  
deduce Lagrange's equations 
J A = O .  (1.10) 
I n  order  t o  der ive the i d e n t i t i e s  implied by Noether's theorem, however, 
w e  assume the  f i e l d  equations a r e  not  s a t i s f i e d .  
4 
11. Conventional Formulation 
I n  order  t o  derive Noether's i d e n t i t i e s  i n  the  conventional fo r -  
m a l i s m  one uses (1.6) and (1.4) and obtains 
+ ;sc (Ft:$B6xS YP - $AYsGXS) ),r ]d4x = 0 
"A, r 
I f  Gauss's l a w  is used i n  (2.1) and var ia t ions  which vanish on the boundary 
a re  considered, one obtains  the i d e n t i t i e s  
which a r e  c a l l e d  the Bianchi i d e n t i t i e s  by Bergmann.2 
i d e n t i t i e s  i n  (2.1)  one obtains  
Using the  Bianchi 
, r  
- r A B r  
$A, ,  - 's' - e FAs $B - 
4 6xs ] d4x = 0 . B r  F ~ s  B ,r,a at,,, + -  
S S A t  any po in t  6x , 6x 
must vanish  separa te ly .  
and 6xs 
, r  , r , A  
a re  independent and t h e i r  coe f f i c i en t s  
One must use the symmetry property 
6 xs = 6XS , r , a  ,a,r  
S before s e t t i n g  the coe f f i c i en t s  of 6x equal t o  zero. Define , r , a  
5 
(2.4a) 
(2.4b) 
r where t w i l l  be c a l l e d  the  canonical  momentum complex, Tr w i l l  be c a l l e d  the  
S S 
momentum complex and b ra w i l l  be ca l led  the  sp in  complex. The term complex 
S 
means t h a t  these  q u a n t i t i e s  a r e  only tensor d e n s i t i e s  under l i n e a r  transforma- 
r 
t i o n s .  For example i n  s p e c i a l  r e l a t i v i t y  t is  c a l l e d  the  canonical  momentum 
S 
r 
"tensor" while i n  general  r e l a t i v i t y  t is the  energy momentum pseudo-tensor. 
S 
I n  terms of these non-tensorial  q u a n t i t i e s ,  t he  var ied  ac t ion  becomes 
, r  
) 6xs 6 x s  - (Ti - bs r R  ,R 61 = [ -  Tr 
S Yr 
R 
+ bsr' 6xS ] d4x = 0 . 
, r , l  
3 
The i d e n t i t i e s  which follow a r e  (Noether ' s  theorem ) 
Tr = 0 
s 9 r  
b r' + b t r  = 0 . 
S . 
(2.5a) 
(2.5b) 
(2.5c) 
(2.5d) 
6 
I 
111. Covariant Formulation 
I n  t h i s  s e c t i o n  we s h a l l  rewrite equat ions (2.5)  so t h a t  only 
tensors  and t e n s o r i a l  operat ions (covariant  d i f f e r e n t i a t i o n )  appear. To do 
t h i s  we use (1.8) and write X i n  terms of ins tead  of JI A Y r  
Of course t h i s  s u b s t i t u t i o n  cannot be made f o r  the  g r a v i t a t i o n a l  f i e l d  g 
because g s a t i s f i e s  (1 .9) .  The same type of r e l a t i o n  a s  (1 .2)  connects 
X c  wi th  Lc 
Rk 
Rk 
1: = & L c .  
C 
The v a r i a t i o n  of the  ac t ion  assoc ia ted  with X c  leads t o  
- 
6 1  = s  [ L t  s JIA + c+ 6 JIA + Lc 6xr) ; , ]  *J-g d4x = 0 ( 3 . 3 )  
A; r 
R 
( 3 . . 4 )  
! Lagrange's equations a r e  
L A = 0 .  
C 
' I  I !  
One can e a s i l y  prove the  following r e l a t i o n  I 
(3.5) 
and, t h e r e f o r e ,  t he  t w o  forms of Lagrange's equat ions a r e  equiva len t .  Using 
(1 .7 )  i n  (3.3) one obta ins  
7 
6 1  = [ - ((L%'Br$ c A s  B ;r + Lf $A;s ) 6xs 
R 
From ( 3 . 7 )  one der ives  the  covariant  Noether i d e n t i t i e s  i n  t h e  same way a s  the  
non-covariant i d e n t i t i e s  (2.5)  were derived. 
can deduce the  Bianchi i d e n t i t i e s  
Using Gauss's l a w  and ( 3 . 7 )  we 
4 6x S +-  aLc B r  S 
+ (Lf FBa A s  B 
- -  aLC 
atA;:As 'B 6x  ;r 
6xs + L 6~');~ ] ,& d4x = 0 . ( 3 . 7 )  a*,;, 'A; s C 
Fi: ' B ) ; r  + Lc A 'A;s  = o .  
Using the  Bianchi i d e n t i t i e s  i n  (3 .7 )  one obta ins  
where 
+ B A k 6 x r  ] , & d x = O ,  4 
r ;A ;k 
C a a L  a u = -  
'A ; r  - 6r Lc 
A A A B 4  
- Lc F A r  'B r sr = u 
;a ;A;k + 6xr ;k;J) must I n  (3.9) the  c o e f f i c i e n t s  of &xr,  6xr and 1/2(6xr 
vanish sepa ra t e ly .  This leads t o  the following set  of i d e n t i t i e s  
(3  9) 
(3 .10a)  
(3. lob) 
( 3 . 1 0 ~ )  
(3.11a) 
( 3 .  l l b )  
= o ,  1 Rk 'r - Br ;k 
8 
( 3 .  l l c )  
( 3 .  l l d )  
where R' is the  Riemann tensor  which en te r s  by way of the  R icc i  i d e n t i t y  
r.9 P 
- 6xr ) = - 6xPRr 
;k;k ;k;a pak - ( Sxr (3.. 12) 
R 
r '  r 
Sr, a u: and Bfk a r e  the  tensors  which replace # t and biAkof (2.5).  The 
i d e n t i t i e s  ( 3 . 1 1 )  along with the  f i e l d  equations LA = 0 represent  a completely 
covar ian t  f i e l d  theory.  
and only covar ian t  de r iva t ives  appear.  
C 
A l l  the  q u a n t i t i e s  appearing i n  ( 3 . 1 1 )  a r e  tensors  
The exis tence of the  completely covariant  i d e n t i t i e s  ( 3 . 8 )  is no t  
due t o  t h e  f a c t  t h a t  Jr 
JI,,, , but  t o  the way the  terms were co l lec ted  together  i n  ( 3 . 9 ) .  
w e  have used covariant  de r iva t ives  6x r 
ven t iona l  formulation 6xr and 6xr were used. Even the  theory of 
g r a v i t a t i o n  f o r  which 
w a s  used i n  the  Lagrangian dens i ty  ins tead  of 
A ; r  
I n  ( 3 . 9 )  
and 6xr ;a ;R ;k whereas i n  the  con- 
,a ,A ,k 
can be w r i t t e n  i n  a completely covariant  form. 
The t w o  sets of i d e n t i t i e s  (2 .5 )  and ( 3 . 1 1 )  mus t  be equivalent  
because they arise from the  same v a r i a t i o n a l  p r inc ip l e .  
may be v e r i f i e d  d i r e c t l y  by wr i t i ng  out (3.11) in  terms of ordinary q u a n t i t i e s  
and opera t ions  and not ing t h a t  (2 .5 )  follows. 
This equivalence 
I 
I 
I 
I 
I 
I 
1 
1 
I 
I 
I 
i 
I 
! I 
I 
i 
I 
I 
1 
I 
I 
I 
9 
IV. Covariant Formulation of General R e l a t i v i t y  
I n  t h i s  s ec t ion  we w r i t e  the  i d e n t i t i e s  corresponding t o  (3.8) f o r  
the  Lagrangian of general  r e l a t i v i t y .  Writing t h i s  Lagrangian i n  the  form 
C = &  Lc = Lc(gAklgAkyrlgAkyrys I $ A I $  A , r  . 1 = c , & R + x M  (4.1) 
4 
C where c 
t i o n a l  cons tan t .  
f i e l d  g We 
Ak 
s h a l l  assume t h a t  second de r iva t ives  of t he  metr ic  tensor  occur only i n  R 
s ince  t h i s  is the  case f o r  a l l  p r a c t i c a l  s i t u a t i o n s .  
= - , * c i s  the speed of l i g h t  and G is the  Newtonian g rav i t a -  1 IbrrG 
I n  (4.1) R is the usual Lagrangian f o r  the g r a v i t a t i o n a l  
and SM = ,& 41 i s  the  Lagrangian f o r  the  source f i e l d s  Jr A ’  
Define 
where 
a $ A . r  - +- - a% - -  C ctc 
dgQk.. . agQk.. . a g A ; r  agQk... ’ 
and 
Er  = Ekr cs gsk c * 
(4.2a) 
(4.2b) 
( 4 . 2 ~ )  
(4.5) 
One now proceeds i n  exac t ly  the  same way a s  when der iv ing  (3.11) and f inds  
t h e  fol lowing i d e n t i t i e s  f o r  general  r e l a t i v i t y  
P s;r  - 1/2 R:kr (Bkr P + Ckrn P ;n - (Rsrk;n Sr 
k r  - 1/2 R:& C i n e  - 1/2 cna C'M 
S sr - Bs ;k S 
- 1/2 Rp Cknr - 1/2 R:nk Cknr snk p 
0 ,  + 1/6 REnk C p p  + 1/6 R i p k  cknP = 
+ crkn = 0 , Bkr + Brk + Ckrn 
S S ;n ;n 
S S S 
Equations (4.6) along with the  f i e l d  equations 
Ers  = 0 
C 
10 
(4.6a) 
(4.6b) 
( 4 . 6 ~ )  
( 4 . 6 d )  
(4.6e) 
(4.7) 
represents  a completely covariant  theory of g rav i t a t ion .  
appearing i n  (4.6) and (4.7) a r e  tensors and a l l  der iva t ives  a r e  covar ian t .  
I n  order t o  reduce Bkr t o  the form (4.2b) one must use the  following in t e re s -  
t ing i d e n t i t y  
A i l  q u a n t i t i e s  
S 
+,a = o ,  
pn agpk,n,r 
I 
1 deC ( C 
dgAk,r,n ,n 
- -  
B f -  A 
11 
i n  the  express ion 
(4.9) 
c Bk a L  )+at,;, FAs 'I3 
dc +,e 
pn dgpk,n,r 
which appears i n  the  var ied  ac t ion  associated with (4.1). 
We s h a l l  delay the  in t e rp re t a t ion  of the  var ious terms i n  (4.6) 
u n t i l  a l a t e r  publ ica t ion .  
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